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We present a novel self-consistent orbital-free method useful for quantum clusters. The method uses a
hydrodynamical approach based on the de Bregliehm description of quantum mechanics to satisfy an
orbital-free density functional-like EuleiLagrange equation for the ground state of the system. In addition,

we use an information theoretical approach to obtain the optimal density function derived from a series of
statistical sample points in terms of density approximates. These are then used to calculate an approximation
to the quantum force in the hydrodynamic description. As a demonstration of the utility and flexibility of the
approach, we compute the lowest-energy structures for small rare-glass clusters of argon and neon with 4, 5,
13, and 19 atoms. Extension to more complex systems is straightforward.

I. Introduction A has a classical limit oA = 0, and anything abovA ~ 0.3
is considered a quantum system.

Atomic and molecular clusters provide almost ideal “labora- For these systems, one could utilize exact quantum mechan-
tory” systems for studying quantum versus classical dynamical jca| methods, but it has long been recognized that the compu-
and structural effects as a function of the size and scale of atational effort of grid-based quantum mechanical methods for
given system. Such considerations are important especiallypnyclear dynamical problems grows exponentially with the
because the transition from microscopic to macroscopic (bulk) number of degrees of freedom. This limits the size of systems
is not always smooth. For instance, theoretical results indicatethat can be handled in an exact manner to those with four or
a “coexistence region” of the liquid and solid phases in some fewer atoms. This is perhaps best illustrated in the field of
clusterd™* and that quantum effects may suppress surface reactive scattering calculations, which have been limited to
melting in certain-sized clustePsRare gas systems provide a systems with 66?15 and in other areas such as photodisso-
simple and effective way to study the underlying physics of ciation processe’:1”In light of this, considerable progress has
these transition®.” Rare gas clusters and liquids are easily been made in developing rigorous approaches for contracting
enough modeled with classical molecular dynamics simulations; the basis size required to perform such calculations.
however, treating the quantum dynamics of even small-sized One such approach that has seen considerable success is the
systems remains a formidable challange. Quantum correctionsmulticonfigurational time-dependent Hartree approach (MCT-
are important even in equilibrium calculations and finite DH) developed by Meyer and co-work&t4® that overcomes
temperature calculations because the quantum character stronglyhis limitation in a numerically exact way by expanding the time-
affects the thermodynamics via changes in the ground-statedependent wave function in terms of a number of time-

structure due to increasing zero-point ener§ieg@uantum dependent configurations,

corrections have been shown to lower solid-to-liquid transition

temperatures by approximately 10%, and the zero-point energy Y(t) = Z AP (1)
for small clusters can equal up to 35% of the classical binding

energy, defined as the total potential energy divided by the .

number of atom8&.In light of these facts, the de Boer parameter, in which the single-particle (O.r quasiparticle) basis functions
A, can be used to determine the point at which quantum effectsq)J(t) and the expansion coefficients are coupled by the MCTDH

will significantly alter the thermodynamic properties of Len- e_qgations Qf mot_ion_. Ur_1fortuna_te|y, the MCT.DH approach has
nard-Jones systents.10 difficulty with pairwise interactions, making it unsuitable for

i . . Lennard-Jones clusters.
Any Lennard-Jones system can be defined in terms of it rqr condensed phase systems, path integral Monte Carlo
potential depthe, its length scaler, and massn. For a given

X (PIMC) and centroid-based molecular dyamics remain the
set of parameters, the thermal de Broglie wavelengt,i/o method of choice. These approaches have been extremely

migT, provides a means of approximating the quantum syccessful in calculating a wide variety of thermodynamic
effects at some reduced temperature of the systémns kgT/ properties of heavily quantum systefi#®:2021A number of
e. Furthermore, taking the ratio df for two different sets of  interesting results have emerged from these simulations. A
parameters provides a means of comparing the quantum effectsiotable example of these is the lattice expansions under constant
of one system versus the other. This leads to the de Boerpressure and temperature (NPT) conditions associated with the
parameterA = Alrmw/me. 1L In short, the de Boer parameter quantum effects, which have a large effect on the binding energy
measures the delocalization of the system compared to its sizeversus classical systerfsDespite the success of PIMC ap-

proaches of late, there are some inherent difficulties. For
T Part of the special issue “John C. Light Festschrift". instance, at low temperatures, the number of parameters that
* Corresponding author. E-mail: sderrick@mail.uh.edu. must be included can become prohibitive and lead to slow
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convergence. Also, the computational complexity is increased energy functional is given by
by the extra degrees of freedom that arise in PIMC-derived
simulations? Ef =T + 3 [ nOnOVi)d  (2)

We present an approach that is appropriate for low-temper- B
ature LennaretJones clusters and that will shed new light on
the origin and character of the quantum effects seen in theseWe have assumed that the density is separable into atomic
systems. The method we will outline begins with the assumption components, i.e.,
that the configurational density(ry,-+-,rn) that describes the
statistical likelihood of finding the system in a given multidi-
mensional configuratiofiri++-ry} can be written as a superposi- (L, =+, N) = rl ni(r) ®3)
tion of statistical approximatgXr---ry, Cy). These are the joint =
probabilities for finding the system dtri---rn} and that the
configuration is a variant of some statistical distribution
described by the approximate. These approximates can be an
elementary probability density function that can be specified
in terms of its statistical momentsy,. The simplest of these
for our purposes are multidimensional Gaussians. We then use N
a Bayesian analysis to deduce from a statistical sampling of TIn(@-N)] ='§ T[n ()] (4)
the density the best set of statistical approximates describing &
that density?® In addition, the algorithm also utilizes grid-
free adaptive hydrodynamic approach for the relaxing of the As in electronic structure DFT, evaluating the kinetic energy
sample points that make up a statistical sampling of the density.functionals in an orbital-free form is problematic because the
These are eventually relaxed to the quantum ground-state densityguantum kinetic energy operator is a nonlocal operator and the
for the system oN nuclei. density is a local functior®

The approach is similar in some respects to hydrodynamic  If we write the quantum wave function in polar form, as in
density functional theory (DFT), which is the basis for time- the hydrodynamic formulation of quantum mecharifts;
dependent density functional theorfé€>Hydrodynamic DFT

N

To reduce confusion, unless otherwise stated, all densities used
for the remainder of this work are separable “atomic” densities.
Y From the form of the kinetic energy operator, the kinetic
energy functional will also be a sum of individual functionals:

has been used to calculate, among other quantities, response W(1:+-N) = 4/n(1:--N) &N (5)
functions in large systems and second-order terms in the ) ) N _
perturbation theory for many electron systethd’ By taking we can arrive at a stationary condition for the hydrodynamic

variations in the energy functional with respect to the density description if V¢ = 0%, which, assuming single-particle
and the current density, an Euldragrange equation and a  densities is
continuity equation can be derived. These give the equations

of motion for the electron density. Under a time-independent N T 2 oy
Hamiltonian, one is left with the Euler equation of static DFT, V(L=N) Z 2m Viyn(r) = const ©)
similar to what we obtain. yni(r)

As proof of concept, we will present the details of the ground ] o )
vibrational energy of small clusters of argon and neon. For The first term on the left-hand side is the external potential.
argon, the de Boer parameterAis~ 0.03. This corresponds to ~ The second is the quantum potential from the de Bredliehm
an essentially classical system, and quantum effects can beor hydrodynamic formulatiof?~3® which we shall notate 3.
treated as a perturbation. For negn,~ 0.1, indicating that The constant is the energy for the stationary state of the system.
neon is aquasiquantunsystem. It is expected that the method For stationary states, the forces from these potentials exactly
proposed will provide a useful way of determining any changes counterbalance each othér
in structure due to quantum effects such as zero-point energy _
and tunneling. We confine the method at present to zero VQ+W=0 )

temperature. Finally, we will discuss the results obtained. By multiplying by the density (eq 3), the integrated form of

Because the work at present is intended to illustrate the eq 6 gives a form for the kinetic energy functional in eq 4 as,
usefulness of the method and not to compare to any benchmark

simulations, we compare our results to simple classical results. 1 )

We will also show how the approach we have outlined may be Tn(] = - 2m S (VY ng(r) dr (8)
used to develop new quantum-classical approaches for treating

guantum mechanical solute particles (such as an excess e Integrating by parts and letting, — O at +e produces the

He atom) in a liquid of classical or quasiclassical atoms (such familiar von Weizsacker kinetic energy functioffal
as Ar or Ne).

1 1
Il. Theoretical Development TwIn(] =+ %fmani(r)-VTni(r) dr 9)

We begin by writing the full many-body Hamiltonian for the
nuclear motion of a collection of atoms with pairwise interaction Thus, the total energy functional is given in terms of the single-

potentials (atomic units are used throughout), particle densities as,
N 1 ) N
H=-) —V°+ ) V(j) 1) E[n] =) Ty[n(r)] + n(r)n(r)v(j) dr (10)
; Zm | ; IZ WL ; f i i

Corresponding to this, for an arbitraNtbody trial density, the Taking the variation oE[n] with respect to the single-particle
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densities with the constraint that / ni(r) dr = N (or J ni(r)
dr = 1),

5{ (w1 + 5 f niOn V() dr —

IE3]
wi(f n(r) dr — 1)) =0 (11)
leads to the following EulerLagrange equations:
OTy[m(r)]

_—+ V d =0
ey 2 [ VG dr — g

1=

(12)

When satisfiedy = Y iu; is a stationary vibrational-state energy,
and theni(r) = |¢i(r)|? are the probability densities of the
individual nuclei.

Let us take a simple pedagogic case of a particle in a harmonic
well, taking the trial density to be a Gaussianfx) = Valn
exp(—axd). Evaluating the energy functional yields:

2

E[n(X)] = —a TR

Minimizing with respect to the trial density,

OE[N]
on

_dE

" da

=0

yields the familiarE = w/2 anda = mw. This idea is easy to
extend beyond purely harmonic systems and Gaussian trial
functions. Becausai(r) is a probability density function, it is
a positive, real, and integrable function.

In the following section, we show how the single-particle

densities can be estimated as superpositions of single-particle

density approximates based upon a statistical sampling of the
densities.

Ill. Mixture Modeling

Consider an ensemble of sample poifRss {r,...fk}, that
statistically represents a multidimensional quantum probability
density. The corresponding probability density function (PDF)
can be represented by a mixture mé&é&by summing a finite
numberM of density approximates. This is expressed as a sum
over joint probabilities,

M
n(r) =3 pir, c,) (13)

wherep(r, cy) is the probability that a randomly chosen member
of the ensemble has the configuratioand is a variant of the
mth approximate designated lmy,. These approximates may
be Gaussians or any other integrable multidimensional function
that can be parametrized by its moments. For Gaussian clusters
we have a weighp(cy), @ mean position vectonn, and a
covariance matrixCpm,.

The assumption that the density can be split into a sum of
approximates is exact in the limit of infinite approximates. In
general, one looks for the smallest number of approximates
necessary to describe the system of interest. We know that, for
a Gaussian density packet on a parabolic surface, only one
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dynamical simulations because we are limited to eigenstates and,
in particular, the ground state. The ground state is rigorously

node free for bosonic systems. Consequently, we expect that,
at most, only a few Gaussian approximates will be needed for

the ground-state calculation.

The number of parameters needed to describe the ap-
proximates is directly related to the physical assumptions made
about the system. If we assume that the Gaussian components
for each atom are separable, then we only need to be able to
specify M(3N(BN + 1)/(2 + 3N + 1)) = @(mN) variables.
These correspond to the elements of the covariance matrix, the
central mean, and amplitude for 3N-dimensional Gaussians.
Also, explicit correlations between various degrees of freedom
can be excluded in a straightforward way by factoring the
approximates that describe a particular atom. We can then
expand the atomic densityi(r) as a linear combination of
density approximates,

M
n(r) = Z Pmi(Cmis )

for the i atoms of the system. This dramatically reduces the
number of coefficients we need to determinandl x (6 + 3
+ 1) = d(mN). Intermediate factorization schemes yield similar
scaling behavior, allowing one to tune the computational
complexity of the system depending upon the degree of
correlation required by a particular physical problem. For
example, one can definguasi-atomsby explicitly including
covariance between the degrees of freedom of two or more
atoms.

By definition, each joint probability in eq 13 is related to a
pair of conditional probabilities according to the relation

p(r, ¢ = p(cp(rc,) = n(r)p(c,Ir)

where the forward conditional probabilityr|cy) refers to the
probability that a randomly chosen variant @f has the 8l
dimensional configuratiom. Conversely, the posterior prob-
ability p(cy|r) refers to the probability that the configuration
pointr is a variant of the approximatg, In probability theory,

n(r) andp(cy) are known as marginal probabilities; however,
we shall simply refer to them as the quantum density and weight
of the mth approximate, respectively. The expansion weights,
p(cy), are strictly positive, semidefinite, and sum to unity. By
substituting the first equality of eq 15 into eq 13, we have,

(14)

(15)

M
n(r) = P(CP(rICy) (16)

We have considerable freedom at this point in specifying the
exact functional form of the conditional probabilities as well
as the degree of correlation within each conditional. This
freedom of specification allows us to construct “models” that
epr|C|tIy take into account nonseparable correlations in con-
figuration space. For the case of Gaussian approximates, this is
accomplished by keeping or discarding various off-diagonal
terms incorporated in the covariance matitx,

IIC ||
(zﬂ)SN

p(r|c,) = —(ra—#md)"Cm™ (ra—m,d (17)

approximate is needed and is exact. For the present system, we
assume that, for the ground state, the densities remain confined|Cn,~|| is the reciprocal of the greatest value of the determinant

near the bottom of the Lennardones potential well. Please
note that the formation of nodes will not be problematic as in

of the covariance matrix, and the subscript indicates that this is
the covariance matrix corresponding to timeéh approximate.
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If the covariance matrix is real and symmetric, then it is possible  Within this viewpoint, the sample points can be considered
to construct a model that assumes that each approximate igo be a data set that represents the results of a series of successive
completely separable and takes the form of a product over themeasurements. Each data point carries an equal amount of
3N-dimensional configuration space. In this case, the covarianceinformation describing the underlying quantum probability
matrix, Cr, reduces to a variance vectoﬁq’d, and the forward density function. Bayes' equation gives the ratio of how well a
conditional probability becomes given approximate describegto how wellry is described by

all of the approximates. Thus, it represents the fraction of

3N , explanatory information that a given sample point gives to the
p(ric,) = |_| — = g (e umd*2om ) (18) mth approximate. The approximate thegstdescribes the point
d 27rofn’d will have the largest posterior probability at that point. Equations

21-24 can be iterated self-consistently in order to determine

Numerical tests by Maddox and Bittner indicate that the the best possible set of parameters that desck{pgin terms
separable case is computationally faster for high-dimensional of a given ensemble of data points. In doing so, we effectively
systems, but produces a less-accurate estimate of the quanturmaximize the log-likelihood that the overall density model
ground-state energ¥.For larger systems, the separable case describes the entire collection of data points,
will certainly speed up calculations. As expected, there is a direct
connection between the covariance matrix form and the form L = log |—| n(ry)
of the density assumed in eq 3. We also note that it is feasible "
to construct any combination of covariant and separable degrees
of freedom if there is some reason to do so on the basis of the
symmetry of any physical problem. For a discussion of the
strengths and weaknesses involved with mixture models, one
is referred to refs 23, 40.

Once a model is decided upon, one must then determine the
parameters, in this case, the Gaussian parame(g#s x«m, and
Cn, for each approximate from the statistical points representing

Taking the variation of. with respect to the model parameters
generates a series of update rules for moving the approximates
through parameter space in the direction aléhg-.%® For the

case of Gaussian approximates, the update rules for the mean,
covariance matrix, and marginal probabilities are given by,

the density. For instance, the mean position vectors of the Su,, = Cr V.
approximates are defined by the moments of the forward ™ Kp(c,) “m
conditional probabilities,
B 2(Cm®Cm)V
= [ rp(r|c,) dr (19) Mmoo Kp(c,) Cn
fl;q}ilereranging eq 15 and substituting into eq 19, we can write op(c,) = %(diag[Q] _ Q(Q)T)VQL
n(r)p(c.|r) Where ® is the Kronecker productQ is the vector of all
m= f r—p(crr) dr (20) expansion weightsQ = [p(cd),..., p(cm)]T, and diagR] is a

matrix with the elements fronf2 constituting the diagonal

This is easily approximated by taking a Monte Carlo integration entriest
over the ensemble of poin{s.} sampled from thea(r) PDF, We will now show how the coefficients (rather moments) of
the approximates can be optimized to compute both the ground-
1 K state energy and ground-state single-particle densities.
fon PR (21)
Kp(c,)

We also define similar expressions for both the covariance
matrix and the expansion weights in the following:

IV. Relaxing the Sample Points

The next step in our approach is to generate the appropriate
1K equations of motion to evolve the sample points either in real
p(Cr) ’“E Z P(CrrlT) (22) or imaginary time. The quantum Hamiltedacobi equation
generates the equations of motion for the ray-lines of a time-

1 dependent solution to the Sc¢klinger equatiods—36

K
C.~ - —u)" 23
m Kp(c.) Z (rg = )N — 1) peylry)  (23) .

For the case of separable approximates, the variances are giverﬁ
by the diagonal elemenrazﬁli = (Cw)ii. The posterior terms

V. S°
+ Z W +5 S n)n(r)Vai) dr —

1]

p(cylry) for eachry sample point in eqs 2123 are evaluated z iLviz,/ni(r) =0 (25)
directly from the forward probabilities according to Bayes’ ™ 2m m
equation, i
p(cyp(rycy) Because the density is separable into components, we easily
PCyll) =——— (24) arrive at a set of time-dependent self-consistent field equations
z p(CP(r S whereby the motion of atornis determined by the average
m potential interaction between atonand the rest of the atoms
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in the system, propagate an ensemble of trajectories. This approach has been
used successfully in computing reactive scattering cross-sections
] |VTS2 for the collinear H+ H; reaction.
i)+ —+ z fV(ij)nj(r)dr It is important at this point to recognize the numerical
2m I difficulties our group and others have faced in developing
1 1 5 hydrodynamic trajectory-based approaches for time-dependent
~om Vis/n(r)=0 (26) systemg336.4447 The foremost difficulty is in the accurate
m Vni(r evaluation of the quantum potential from an irregular mesh of

) N . points#446 The quantum potential is a function of the local

Taking VS = p = mt as a momentum of a particle, the  cyrvature of the density and can become singular and rapidly
equations of motion along a given ray-line or characterisic  yarying as nodes form in the wave function or when the wave
(t) of the quantum wave function are given by function is sharply peaked, i.e., whaH2 — O faster tharv2n/2

~ ~ — 0. These inherent properties make an accurate numerical
mr,=— z f (WV(@i)n(r) dr — VQ[n(r)]  (27) calculation of the quantum potential and its derivatives very
I difficult for all but the simplest systems. For a comprehensive
discussion of different aspects regarding quantum trajectories
and nodes, see refs 32, 48. These difficulties are avoided in the
cluster model approximation of the density by using the
expectation maximization (EM) algorith?.By obtaining a
global optimal function that describes the density, we can
analytically compute the quantum force with great accuracy.
The issue of nodes is essentially avoided so long as we are
judicious in our choice of density approximates. If we choose
o - node-free approximates, then our overall density will likewise
ViE=— z S (VV(i)n(r) dr — VQIn(r)]  (28) be node free. For the purpose of determining vibrational ground-
= states, this seems to be a worthwhile compromise.

In summation, we will give a synopsis of the algorithm. We
first initialize the system. This involves, for each atom,
m. generating and sampling a normalized trial densify). We
£ "then iterate through the following steps:

1. By using the EM routines and the given sample of points,

whereQ[ni(r)] is the Bohmian quantum potential specified by
the last term in eq 26. Recall in the last equation thatrife

are the sample points that constitute the density for a given atom.
Stationary solutions of the time-dependent Sdimger equation

are obtained wheneventy = 0. Consequently, by iteratively
relaxing the sample points in a direction along the energy
gradient specified by

one obtains a minimal energy self-consistent field density for
theith atom.

To calculate the ground vibrational-state energy of the syste
we need to include an artificial damping to the Hamiltonian o
the system. In this case, the total force on a particle at any given

step is given by, compute the coefficients for the density approximates.
2. Compute the forces on each point by using eq 28 with eq
v="f,+f.—yv (29) 29 and advance each point along the energy gradient for one
step. This generates a new sample of points describing the
wherey represents a small dissipative coefficient dgd. are single-particle density for each atom. The new distribution

the forces arising from the quantum and mean-field forces given should have a lower total energy since we moved the sample
in eq 27 above. The damping causes some kinetic energy losoints in the direction toward lower energy.

at each step in the simulation. For a classical case, the ensemble 3. Check for convergence and repeat if necessary.

points would collapse to @ function(s) centered about the

minimum energy point(s) of the potential surface for the particle- V. Vibrational Ground State of Rare-Gas Clusters

(s). For the present case, as the distribution narrows, the quantum
force gets larger, forcing the ensemble to maintain some finite
width. The sample points eventually converge to an equilibrium
that corresponds to the ground-state quantum density from whic
the ground-state energy is derived.

This process is similar to the semiclassical approximation
strategy for including quantum effects into otherwise classical
calculations introduced by Garaschuk and Rass®4%This
semiclassical approximate methodology is based upon de
Broglie—Bohm trajectories and involves the convolution of the
quantum density with a minimum uncertainty wave packet that
in turn is expanded in a linear combination of Gaussian functions

As we discussed above, rare gas clusters provide a set of
well-defined test cases for new quantum and mixed quantum-
hclassical methods. Here, we focus our attention on determining
the quantum equilibrium ground states for argon and neon
clusters with up to 19 atoms. In the calculations presented here,
we used 300 statistical points to represent the density of each
atom and propagated the SCF equations described above until
the energy and the density were sufficiently converged. Typi-
cally, this required 1.53 million cycles. Along the course of
the energy minimization, we strongly damped the time evolution
of the sample points to eliminate as much of the oscillations
and breathing of the density components as possible.
~ _ 2 o2, The Lennard-Jones parameters for the argon clusterseare
PR AT =3 erexplax =X (0 _ (o076 Ymol ands = 3.42 A, andk = 0.3059 ki/mol and
o = 2.79 A for the neon clustef8.Initial configurations for

The Gaussian parametess= {cn, Xn, a,} in eq 30 are the simulations are chosen to be close to the classical molecular

determined by minimizing the functional dynamics minimum-energy geometry and are given some initial
Gaussian spread.
F= f [p(x) — f (X)]2 dx (31) We show in Figure 1 isodensity (0.006) contour plots for the

Arg, Ars, Ney, and Ne, http://eiger.chem.uh.edu:8080/web-
using an iterative procedure that explicitly involves solving the Mathematica/pchem-apps/Plot3DLive.f§One can see quite
set of equationgF/dsc = 0. The parametrized density leads to clearly the underlying three-dimensional shape of the cluster
an approximate quantum potential (AQP) that is used to along with the delocalization of each atom about its central
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TABLE 1: Interatomic Distances for X 5 Clusters in

Angstroms

distances argon argon (cl) neon neon (cl)
rd; » 3.884+ 0.010 3.822 3.2620.023  3.135
rdi s 3.875+ 0.009 3.822 3.2340.016 3.135
rdy4 3.855+ 0.009 3.808 3.2040.018 3.124
rdis 3.845+ 0.008 3.808 3.199-0.014 3.124
rdz 3 3.882+ 0.012 3.822 3.25%0.029 3.135
rdz 4 3.849+ 0.009 3.808 3.205% 0.020 3.124
rdzs 3.853+ 0.008 3.808 3.21%+0.018 3.124
rds 4 3.843+ 0.009 3.808 3.23%0.031 3.124
rdss 3.846+ 0.008 3.808 3.2140.018 3.124
rdss 6.259+ 0.010 6.208 5.20% 0.020 5.092

TABLE 2: Interatomic Distances for X4 Clusters in

Angstroms

distances argon argon (cl) neon neon (cl)
rds 3.894+ 0.012 3.814 3.262 0.022 3.13
rdq 3 3.859+ 0.008 3.814 3.229- 0.026 3.13
rdy 4 3.858+ 0.010 3.814 3.2220.025 3.13
rdz 3 3.872+ 0.011 3.814 3.248 0.020 3.13
rdz.4 3.864+ 0.008 3.814 3.214 0.014 3.13
rds 4 3.854+ 0.008 3.814 3.223 0.021 3.13

Figure 1. The isodensity contour plots of the clusters at a value of
0.006. In the upper left is the Acluster, in the upper right is the bje
lower left has the Ay, and then bottom right is NeThe axes are listed

in atomic units.

character of the system and provides an intuitive way to
understand softening of crystals.

In Figure 2, we show the total energy and the total potential
location. Each density “lobe” is nearly spherical with some energy for the As and Ne clusters as the system converges
elongation. These density plots give a suggestive view of the toward its lowest-energy state. Initially, there is a rapid
overlap of the densities, which is ignored in egs 3 and 9. For restructuring of the densities as they adjust to find a close
the systems at hand, this overlap turns out to be minor, but for approximation to the actual ground-state density. Following this
atoms such as Helium, this would have to be taken into account.initial rapid convergence, there is slower convergence phase as

It has been noted in the literatdfahat lowering the mass,  the density is further refined. During this process, as the sample
which results in increasing the quantum effects, will result in points look for a configuration that fully equalizes the quantum
delocalization through the increase in the zero-point kinetic and kinetic energy terms from eq 6, the density approximation
energy of the system. Under NPT conditions, this would result can sometimes prove inadequate and points can be pushed into
in two competing effects, the tendency to minimize the potential temporary higher-energy regions. This leads to the fluctuations
energy, and the tendency of the atoms to spread to minimizeseen in the energies and any other averaged quantity such as
the quantum kinetic energy by increasing the volume. One the interatomic distances. To compute meaningful values for
expects a net volume increase as the nuclear ground-state wavthe energy and distances, we averaged these quantities over the
function spreads out to minimize the quantum kinetic energy. last half million or so cycles. As can be seen from Figure 2,
This also leads to a net decrease in the binding potential energythe Ng cluster is slower to converge, but eventually does so
because the atoms are effectively further apart. Also, there mayafter roughly 200 million iterations.
be tunneling between mainly iso-energetic configurations Tables 1 and 2 list the averaged interatom distances for each
separated by low-energy barriers. In summary, when quantumcluster compared to the equilibrium distances for the corre-
effects are present, the decrease in the binding potential energysponding classical case. For the case of, Ahe numerical
and the quantum fluctuations lead to what is known as a fluctuations lead to an uncertainly of about 0.3% in the
softening of the crystal and a reduction of its melting temper- interatomic distances and for jlea 0.5% uncertainty in the
ature. interatomic distances. These fluctuations are simply the root-

A similar interplay can be seen in the present method. In mean-square of the values calculated. It is important to note
Figure 1, each atomic density has a finite width. This can be that the fluctuations mentioned here tend to decrease with
contrasted with the classical case that fidgnctions represent-  increasing system size, as can seen by comparing the results
ing the atoms. This spread is maintained by the kinetic energy for Ars with Ar4. This has important implications because we
term in the Hamiltonian through the quantum potential. In this hope to extend this method to larger systems, ¢¢& be seen
sense, the quantum potential term is a measure of the quantunio have the largest fluctuations. This is expected because it is
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Figure 2. The average potential energ¥and total energyQ[+ [VOof the A and Ne clusters in kJ/mol. The steps are measured in millions.
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Figure 3. Convergence of the 13- and 19-atom clusters of neon. The energy is in kJ/mol and the steps are given in millions.

TABLE 3: Converged Ground-State Energies for 4- and 5-Atom Clusters in kJ/mol

Ary Ney Ars Nes
Ve —5.986 —1.827 —9.083 —2.772
wad —5.668+ 0.112 —1.592+ 0.028 —8.630+ 0.114 —2.447+ 0.117
QO 0.462+ 0.032 0.460G+ 0.034 0.689+ 0.041 0.646+ 0.036
EO —5.205+ 0.099 —1.132+ 0.013 —7.940+ 0.098 —1.801+ 0.0005
Eo 0.781 0.695 1.143 0.971
QIO 0.082 0.288 0.079 0.263

TABLE 4: Converged Quantum Ground-State Energies of

the most quantum mechanical. All in all, these values compare Larger 13- and 19-Atom Clusters in kj/mol

well with the classical distances. In general, the quantum

distances are slightly larger due to the fact that the Gaussian Neus Nesg
atom densities are sampling part of the anharmonic repulsive V. —13.559 —22.226
portion of the pair potentiaL o —10.928+ 0.153 —18.472+ 0.193
Table 3 summarizes the various contributions to the total Q0 2.188+0.081 3.65T+ 0.034
" o (ED —8.740+ 0.099 —14.821+ 0.133
energy for each cluster. The “classical” energiés, are the 4.819 7405
energy minimum of the total potential energy surface corre- KoyAYm 0.200 0.197

sponding to the classical equilibrium configuration, and they .

are obtained from the same code we used for the other quantum '€ convergence with respect to total energy for the two
simulations but withk turned to zero. This corresponds to a arger neon clusters can be seen in Figure 3 with the final
classical molecular dynamics simulation, the implications of converged values given in Table 4. The large shoulder in the
which are discussed latél/[] [Q[] and(ELare the total quantum ~ convergence of the 13-atom cluster was due to a small
potential energy, kinetic energy, and total energy of each cluster, féarrangement of the atoms as the_ system relaxed. The virial
respectively. The difference between the classical potential "M remains about the same as in the case of the smaller
minimum, V, and (EClis the zero-point energy, labeldg in clusters. Furtherm.ore, the zero-point energy for the clusters is
the table. One can see that the zero-point energies for the Ne 40.1% of the classical energy fpr the 19-atom cluster and 44.1%
and Ne systems account for 43.66 and 39.68%, respectively, for the 13-atom cluster respecnvely: Also note that_\thealues

of the total energy. We also calculate a virial-like term, which or these larger clusters were obtained from the literfnr.

is the ratio of the kinetic to the potential energy of the system, Figureé 4 also shows a snapshot of sample points for each
QUL wherelV= [V (Vo[ Vqlis the limit of the potential cluster (2600 and 3800 points, respectlvely)_ in their Iowes_t-
energy at infinite separation. The kinetic term here is the €Nergy quantum states. Recall that the classical sam_ple points
quantum potential because the translational energy has beef€Present entire atoms, but the quantum sample points make
siphoned away. For larger systems, this ratio is expected to fall UP the quantum density “cloud” of each nuclei. In both cases,
because the zero-point energy should become less importantth® guantum density of the interior atoms is more tightly
and that is what is observed in the results. compressed than the quantum density of the atoms on the surface

In addition to the results for the small 4- and 5-atom clusters Of the cluster. Furthermore, notice that the mean position of
we have presented above, we also considered much larger 13the quantum atoms is farther away from the center of the cluster

and 19-atom clusters of neon. These larger calculations arethan in the classical case. Averaging over the exterior atoms,
particularly challenging because the total number of degrees of € guantum 13-atom cluster has a radius of 3.113 A versus
freedom are considerably way beyond that which can be handled3-017 A for the classical case. This 3% increase in the radius
by standard grid-based techniques. These clusters corresponeSUlts in nearly 20% increase in the volume of the cluster. A
to the smallest “magic” number clusters that exist for Lennard ~ Similar effect can be noted for the 19-atom cluster.

Jones systems and are particularly interesting because they have
both interior (caged) and exterior (cage) atoms. The lowest-
energy 13-atom cluster takes an icosahedral geometry with the
12 exterior atoms lying at the vertexes and the central caged
atoms at the origin. Similarly, the 19-atom cluster is more of a
prolate icosahedron with one extra band of 5 atoms and two
interior atoms. Figure 4 shows the equilibrium positions of the
atoms for both clusters. In performing the quantum calculations
for these larger clusters, we used 200 sample points versus 300
used for the smaller clusters and used the equilibrium positions

as staring points. In all other respects, the calculations proceededigure 4. Thirteen and 19-atom clusters with the quantum sample

as above. points in yellow overlaid on the classical equilibrium positions in black.
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This expansion has really two origins. First, quantum me- each atom interacting in a mean-field sense so that the classical
chanical expectation value of the positi@hfor any single atom particles feel the pairwise potentials of the quantum mechanical
will always be greater than the classical equilibrium position particles “cloud” of sample points. So one can see that the
for any anharmonic and dissociative potential well. However, present approach can be inserted or added as a subroutine into
this does not wholly account for the 3% increase in mean radius. existing MD codes with relative ease. Then, by controlling
Rather, the increase is also due to the integicantum pressure  or which particles have quantum potentials, a variety of difficult
of the trapped atom pushing against the surrounding cage. Thesystems could be modeled. We shall explore these issues in
cage expands until the strain on the cage is equal and oppositeur forthcoming papers on this topic.
the force exerted on the cage as the trapped atom’s density
expands. Acknowledgment. We would like to thank Jeremy Maddox

If we consider the trapped atom as a particle in a spherical for helpful discussions. This work was supported by grants from
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computed by using the reversible work theorem Aé=d PdV tion.
= 47R?PdR = — dE(R), from which one can easily deduce
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